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Abstract New infinite number of one- and two-point Backlund transformations (BTs) 
with explicit expressions are constructed for the high-order constrained flows of the AKNS 
hierarchy. It is shown that these BTs are canonical transformations including Backlund 
parameter rj and a spectrality property holds with respect to rj and the 'conjugated' 
variable /x for which the point (rj, y) belongs to the spectral curve. Also the formulas 
of m-times repeated Darboux transformations for the high-order constrained flows of the 
AKNS hierarchy are presented. 

1 Introduction 

Backlund transformations (BTs) are an important aspect of the theory of integrable 
systems Jl|, It is well-known that the BT's for soliton equations are canonical trans- 
formations ( see, for emaple, || ^, Q). More recently there has been much interest in 
the property of BTs for finite-dimensional integrable Hamiltonian systems |], [7], || ^ [K| . 
These BTs are defined as symplectic integrable maps which can be described explicitly 
and can be viewed as time discretization of particular flows of Liouville integrable sys- 
tems. They are canonical transformations including Backlund parameter r\. For these 
BTs a spectrality property holds with respect to r\ and the 'conjugated' variable /i and 
the point (rj, /i) or (77, f(y)) for some function f(fi) lies on the spectral curve. An impor- 
tant application of the spectrality property of BTs is that to the problem of separation 



of variables. In fact, the sequence of Backhand parameters r/j together with the conju- 
gate variables fij constitute the separation variables for the finite-dimensional integrable 
Hamiltonian systems ||. 

We proceed to develop the ideas with some new BTs and study the problem of con- 
structing one- and two-point Backhand transformation for the high-order constrained flows 
of the soliton hierarchy |Tl|, [12|, [13| . The Lax representation for the high-order constrained 



flows can always be deduced from the adjoint representation for the soliton hierarchy 
|14] , [15] . Then, based on the results of Darboux transformations (DTs) for soliton hierar- 



chy p], [TJ], [17|, y|, P0| , we can find the DTs for the high-order constrained flows. By using 
the Lax representation, these DTs give rise to explicit one- and two-point BTs including 
one and two Backlund parameters rji, respectively. We show these BTs to be canonical 
transformations by presenting their generating functions. Then we show that these BTs 
possess the spectrality property with respect to r] and conjugate variable [i and the pairs 
(rji, Hi) belong to the spectral curve, namely satisfy the separation equations. Few exam- 
ple of this kind of BTs were presented in || [7|, ||, [| pToj] . This paper presents a way to 
find infinite number of BTs with the property described in |], [7], || || [10] by means of 
DTs for the high-order constrained flows of soliton hierarchy. We will use the high-order 
constrained flows of the AKNS hierarchy to illustrate the ideas. 

In section 2, we briefly describe the high-order constrained flows of the AKNS hierar- 
chy. In section 3 we first present three kinds of DTs for the constrained flows of the AKNS 
hierarchy. Then we find infinite number of new one-point and two-point BTs from the first 
and third kind of DTs, respectively, and show them to be canonical transformations and 
possessing the spectrality property by using the first three high-order constrained flows 
as model in the section 3 and 4, respectively. Finally, the formula for m-times repeated 
DTs for the constrained flows are presented in section 5. 

2 High-order constrained flows of the AKNS hierar- 
chy 

Let us briefly describe the high-order constrained flows of AKNS hierarchy. Consider 



the AKNS spectral problem [21 
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The high-order constrained flows of the AKNS hierarchy consist of the equations ob- 
tained from the spectral problem (24.) for N distinct Xj and the restriction of the varia- 



tional derivatives for conserved quantities H n and Xj |Tl| , |15 
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where we have used ((f>ij , 4>2j) T to denote the solution of (2.1) with A = Xj,j = 1, ...,N 
and $j = 4>iN) T , i = 1,2, A = diag(Ai, Ajv), < ., . > denotes the inner product. 
The Lax representation for the constrained flow ( |2.4| ) is given by [0, [T5| 

MW = [U, M<% (2.5) 

with Lax matrix M^ 1 ' 

A{n) R( n ) 

MM(u,* 1 ,* 2 ,\)= ( cin) _ A(n) )=V^ + M (2.6) 



M = a^2 



' i ( 4>ij4>2j -4>ij 2 



X-Xi 
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and the Lax pair for (EO 



tp x = U(u,X)ij, (2.7) 



M (n) ( M ,$ 1 ,<l> 2 ,A)^ = ^- (2-8) 

The spectral curve T, 

r : det(M (n) (u,$i,$ 2 ,A) -/x) = 

is 

= (iW) 2 (A) + 5W(A)C* W (A). (2.9) 

We present the first three high-order constrained flows as follows. 
(1) For n = 0,a = |, ( ggg ) gives an explicit constraint 

g = --<$!,$!>, r = ^<$ 2 ,$ 2 >. (2.10) 
Then (|2.4a|) becomes a finite-dimensional integrable Hamiltonian system (FDIHS) 

<&i, = ^, $2, = -^, (2.11) 

H = - < A$i, $2 > -- < $i, $1 >< $2, $2 >, 

with Lax matrix 
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2 A — A,- 

5=1 J 

The spectral curve T is a hyperelliptic, genus AT — 1 curve 



5=1 J 



with ^ 



2 J Xj — 



Pi,..., Pn are N independent integrals of motion in involution for FDIHS ( |2.11 ). 
(2) For n = 1, a = -\, can be written as a FDIHS 

Q P=-^l (214) 



with 



#1 = - < A$i, $ 2 > --T > +^ < $2, $2 >, 



Q = (011, 01/V, q) T , P = (021, 027V, r) T , 

and Lax matrix MW 

5=1 J 5=1 J 



The spectral curve V is 



4 ^ A - Xj 

5=1 J 



A p 



with 



a 2 • Pu ■ Y.t\- (2 - 16) 

5=1 3 



P o = \< $ i $ 2 > 



1 1 x 1 

P 5 = 7( 2A i01i02i + ^01j - #2j) + \ _ \ ( ( foj<hj ( h.k<fak ~ (Plk^lj)- 

1 8 k+j A i Ak 



Po, Pn are A/" + 1 independent integrals of motion in involution for FDIHS (|2.14|) 
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(3) For n = 2, a = ~, by introducing the following Jacobi-Ostrogradsky coordinates 

Q = 0i/v, qi, 92) T , P = (02i, 027v, n, r 2 ) T , 

1 1 

Qi = 3, 12 = r, pi = -~r x , p 2 = — g s , 



( p.4| ) can be transformed into a FDIHS 



Q=^ P=-^ (217) 

V* dp , r x dQ , [A.Li) 

with 

H 2 = - < A$i, $ 2 > -^2 < $2, $2 > +^1 2 ?2 ~ 4 Pl^2, 

and Lax matrix 

^ ^ N ^ i w i 

j=i 5 i=i J 



1 - 1 

= q2 X -2 Pl + -J2 rr^- ( 2 - 18 ) 



The spectral curve T is 



2 ^ A - A, 

j=i J 



M 2 = A 4 + FqA + p N+i + J2 —>-, (2.19) 

3=1 A " Xj 

with 

P = - < $i$2 > -2giPi + 2p 2 g 2 , Pn+i = H 2 , 
Pj = ^(-2A^0i i 2 j - A j g 2 2 i + Aj-gi^i + qmfajfoj) +Pi<f>lj +P2(f>lj 

+ ^ Yl \ 1 \ (01j02j01fc02fc - 0?fc02i), J = !, ••! AT. 

2 £y x i - Afc 



Po, Pn+i are + 2 independent integrals of motion in involution for FDIHS ( 2.17Q 
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3 One-point BTs for high-order constrained flows of 
the AKNS hierarchy 

We first briefly review the Darboux transformations (DTs) for the AKNS hierarchy. 
Suppose that a gauge transformation 



transforms (12.11) and (12.21) into 



^ = Tip (3.1) 



$ x = U{u,\)$, (3.2) 

i; tn = V in \u,\)ij. (3.3) 

Let vf)(x,7]i) be a solution of ( |2.1p and ( |2.2| ) with A = r)i,i = 1,2, 7ft ^ \j. It is known 
|2|. [H], [H], that there are the following three kinds of the DTs for the AKNS hierarchy. 
(1) The first DT for the AKNS hierarchy is given by 

Ti= U-V 1 + bh -b\ /j= «^> (3.4) 
\ -fi I J VWW 

and 

q = -7>Qx -rnQ+ \<i 2 h, f = 2f u (3.5) 

namely under the transformation ( |3.1| ) with ( |3.4j ) and (|3.5| ) , U and are of the same 



form as U and except for replacing q and r by q and f. So (|3.5|) presents the 

relationship between two solutions (q, r) and (q,f) of the equation fl2.3|) . 
(2) The second DT for the AKNS hierarchy is given by 



|r A - r/ 2 - ~rf- 



2 



and 



q = -2f 2 , r = K x -r] 2 r -K 2 f 2 . (3.7) 



(3) The third DT for the AKNS hierarchy is given by 



7-3=| - m > ,. (3 , 

m 3 A - r]2 - m 2 
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and 



q = q — 2mi, r = r — 2ms, 



(3.9) 



with 



= fa ~ T/i^ifa^ifa) ^ = (772 - 771)^1(772)^2(771) 



A 



A 



m 3 



(772 ~ 771)^2(7/1)^2(7/2) 
A 



A = Vifa)^jfa) - ^2(771)^1(^/2)- 



(3.10) 



We now consider the DTs for high-order constrained flows ( |2.4j) . Suppose that the 
gauge transformation (3.1) and accordingly 



<t>ij 

4>2j 



transforms (|2.7|) and (2^8) into 



^ x = U(u, X)i/j, 



(3.11) 



(3.12) 



where U and satisfy 



M (n) («,<li,<l 2 ,A)^ = ^, 



T x = U(u, A)T - TU(u, A), 



(3.13) 



(3.14) 



M (n) (S, $!, $ 2 , A)T = TM {n \u, $ l5 $ 2 , A). 



(3.15) 



Motivated by the first DT for the AKNS hierarchy, let ip(x,rji) be a solution of (|2.7f) and 
1|) with A = rji,fi = //j, i = 1, 2, 77, 7^ Aj. We find that the first DT for the constrained 



flows consists of (O), (0), (|J) and (|3TTlD with ^ = 1 , namely 



4>lj = \A, ~ Vl 01j 



g(02j - /l^ii), 



(3.16a) 



1 



'2j 



-/l01i), ./ 1 V. 



(3.16b) 



In fact, based on the results of the DTs for the AKNS hierarchy, it can be shown by 



a similar way in H, that under the transformation Q, Q, dU) and (jglj) , [7 
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and permit the same form as U and except for replacing q,r, (fiij, (p2j by q, r, 
4>ij,4>2j, namely, we have 

T x = U(u,X)T-TU(u,X), (3.17) 

M (n) (S,i> 1 ,i> 2 ,A)T = TM^ n \u, $!, $ 2 , A). (3.18) 

The equalities Q3.17|) and (|3.18|) ensure that (2.7) and (2.8) are invarint under the trans- 
formation flOp, ( P-4|) , ( |3.5|) and fl3.16Q . This guarantees that the relationship between 
q, r, (f>ij, (j) 2 j and q, f, (fiij, (fi 2 j obtained from (|3.17|) and (|3.18|) is just the one between two 
solutions of the constrained flows fl2.4|). In fact, ( ft.!7| ) and fl3.18| ) give rises to ( |3.5| ) and 
( p,16| ) which present the relationship between two solutions of the constrained flows 



It follows from ( |2.8|) 



By substituting ( |3.19| ) into ( ^75|) and fl3.16|) , we obtain infinite number (n = 0, 1, ...) of 
the first explicit one-point BT B m for the constrained flows ( |2.4j ) as follows 



\ - ma + f - 2 ^" A(n)fa) (3 20a) 

2 & WZ+ 2 « s(n)(?7i) , r-2 fl(B)(|fc) , (3.20a) 

h = \A/ - m<fa ~ ^/a== ^ ~ ^Mfa)^ 01 ^ (3 ' 20b) 

= — pofsr ( 3 - 20c ) 



It is found from (|3.4|) and (pTT 

(A - Vl )A {n \\) = (A - 77a + gA)A<»>(A) + /i(A - Vl + l -qh)B^{X) - ^C^(A), 

(3.21a) 

(A - ijOS^CA) = q(X - Vl + \qh)A^\X) + (A - Vl + l - q hfB^\X) - \q 2 C^{X), 

(3.21b) 

(A - m)C (n \x) = -2/iA< n >(A) - A 2 5 (n) (A) + C (n) (A), (3.21c) 
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which, as we mentioned above, present the relationship between two solutions of the 
constrained flows (|2.4|) . 

Using the first three constrained flows as model, we now show the BTs ( |3.20 ) to be 
canonical transformations by presenting their generating functions and check spectrality 
property with respect to the Backlund parameter t] and the 'conjugated' variable \i with 
the point belonging to the spectral curve (|2.9| ). 

(1) For the first constrained flow, the FDIHS ( [2.11|) , using ( |2.12|) and comparing the 
coefficients of A in (|3.21cj ), one gets 



f\ = - < $ 2 , $ 2 > • 



Then we have from (|3.16|) 



4>2j = a/Aj - Tj! 4> 2 j + - < $2, *2 > <Plj 



d(j)ij ' 



(3.22) 



(3.23a) 



dS <P) 



J 2j 



J 2j 



^3.23b) 



where the generating function for the canonical transformation ( |3.20 ) is given by 



I N 



lj(P2j ~ Vl- 



(3.24) 



2=1 



Furthermore, it is found from ( 2.12| ) and ( |3.16| ) 



iA i 



2 j^t V x j - vi 



l JL i i 
= - 1 ~ 9 E a fti-7T=[fo " hM = ^°\vi) + fiB^(vi) = (3.25) 

which implies that (771, /ii) satisfies the spectrality property. Consider the composition 
B m _ VN = B m o...oB VN of the Backlund transformation B m . Then the corresponding gen- 
erating function S^„,ri N becomes the generating function of the canonical transformation 
from ($!, $ 2 ) to (77, /i) given by the equations 

a o(0) ac(0) 
_ UOr) 1 ...r) N _ UJr)i...ri N 
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The points (rji, fa) satisfy the separation equations given by the spectral curve ( j2.13j ) 



N 



P; 



j =1 '/» A i 



(2) For the second constrained flow, the FDIHS ( |2.14| ), using ( |2.15| ) and comparing 
the coefficients of A, A in (|3.21c|) and coefficient of A in (p.21b|) , one gets fi = \f and 



i - - i 2 ds^ 

--<^^ 2 >- Vl f + - q f =_, 



(3.26) 



then using ( |3.16| ) 



1 1 dS^ 



(3.27) 



(3.28a) 



(3.28b) 



where the generating function for the canonical transformation ( |3.20| ) is given by 



N 



S {1) = < $i, $! > ~q < $ 2 , $ 2 > -rjxqr + ^q 2 r 2 + V / V r ^ii02j + ?? 2 - 

j'=i 



(3.29) 



Furthermore, it is easy to check the spectrality property by means of ( |3.16|) and ( 2.15Q 



dS^ 1 



1 N 1 
9 rr~^ 



— qr + 2r/i 



= -2[AW( Vl ) + /i5 (1) ^i)] = -2/ii- (3.30) 
The point (rji,Hi) satisfies the separation equation given by the spectral curve Q2.16j ) 



JV 



p, 



ii 



(3) For the third constrained flow, the FDIHS ( pTT7|) , using ( gTg ), ( pJ6|) and (ggT| ) 



in the same way as for ( |3.28|) , one gets fi = \q 2 and 



(3.31a) 



1 



(3.31b) 



i 2 a^( 2 ) 



(3.31c) 



92 = -<M 2 - ?M2 - 2pi 



dp 2 



(3.31d) 



then pi = -\q 2x and p 2 = -\qi x lead 



1 -r- -r- 



1 



1 



1 



Pi = < $2, $2 > -r/iPi + -gi^Pi - y^<?i<?2 + -gi&^i - 



9gi 



(3.31e) 



1 ^ ^ 1 1 3 2 1 2 1 2 ^ (2) 

P2 = --< $1, $1 > -?7lP2 + 2^192^2 + ^1^2 - ^l^l - -gxPl = 7^— 



(3.31f) 



where the generating function 5 ,< - 2 - ) for the canonical transformation ( |3.20| ) is given by 



S {2) = -Q2 <$i,$i> ~-qi < $2, $2 > -ViQiPi + V1Q.2P2 ~ ^1^2 



I , , N 

2 - i«+EVA 



(3.32) 



Then it is easy to check the spectrality 

as® 1 v 



drji 



2^ A, ,/, 

7=1 



' U 2j - ^201j] + g2)?2 



(3.33) 
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The point (771,^1) satisfies the separation equation given by the spectral curve ( j2.19| ) 



N P 

l4 = rfi + P0V1 + Pn+i + V 



In the exactly same way, we can find second one-point BTs for the constrained flows 
Q2.4|) according to the second DTs for the AKNS hierarchy. By composition of these two 
BTs, we can find two-point BTs for the constrained flows ( [2.4|) . Since these two-point 
BTs are quite complicate, we will present another two-point BTs for the constrained flows 
in the next section. 

4 Two-point BTs for high-order constrained flows of 
the AKNS hierarchy 



Let ifj(x,r]i) be a solution of ( |2.7| ) and ( [2.8|) with A = 77,, fi = Hi, i = 1,2, rji 7^ Xj. 



Motivated by the third DT for the AKNS hierarchy, we obtain the third DT for the 
constrained flows ( |2.4j ) consisting of (|3.1D, ( |3.8| ) and 

q = q — 2mi, f = r - 2m 3 , (4.1a) 



5 y = [(Xj - r/i + ma)^- - (4.1b) 

v(Aj - 77i)(Aj - 773) 



2J V(Aj — »7i)(Aj -T72) 
It follows from (|3TTq ) and flCTQ 



[m 3 0y + (A 3 - -772 -m 2 )(j)2j\- (4.1c) 



mi (/i 2 -^)(77 2 ))5W(7 7l )-(/i 1 -A(«)(r7 1 ))SW(772)' 1 ' &J 



(r/ 2 -r /l )(/i 1 -A(")(r7 1 ))(/x 2 -A(")(r7 2 )) 
3 (/i 2 -AW(r /2 )) J BW(r /l )-( /Jl -AW(r /l )) J BW(r /2 )' ^ J 



= (r/ 2 -r /l )(^ 1 -AW(r /l ))EW(r /2 ) 
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By substituting (|4.2|), ( |4.1| ) gives rise to infinite number (n = 0,1,...) of explicit two 
point BT for the constrained flows (|2.4| ). We now show that the two-point BTs ( 4.1 



arc 



canonical transformations and possess the spectrality property. It is easy to check that 

m 2 + (V2 - Vi) m 2 - minis = 0, 



mi 



r _ m2+r]2-Vl 
•1^ mi 



Using (|4.3| ), (|4.1b|) and ( |4.1c|) can be rewritten as 

1 



2j = wT^' - V ( A j - Vl)(Xj - V2)<f>lj], 



(4.3) 



(4.4a) 



= — [y {Xj - m){Xj - V2)(J)ij + (-Aj + V2 + m 2 )(j)i j ] 



(4.4b) 



The formulas (P|), (|3TT5Q and (O) lead to 



[A 2 - X(vi + V2) + ViV2]A (n \\) = [A 2 - A(77i + V2) + V1V2 - 2m 1 m 3 ]A ( - n \X) 

-m 3 [X - r/i + m 2 ]5( n )(A) - mi [A - rj 2 - m 2 ]C (n) (A), 
[A 2 - X( Vl + 772) + VlV2 ]B {n \x) = 2mi[A - 771 + m 2 ]^(A) 



(4.5a) 



+ [A - + m 2 ] 2 5 (n) (A) - m 2 C (n) (A), (4.5b) 
[A 2 - X{ Vl + m ) + ViV2]C (n \x) = 2m 3 [A - rj 2 - m 2 ]#'(A) 

-m 2 S (n) (A) + [A - rj 2 - m 2 ] 2 C (n) (A). (4.5c) 
(1) For the first constrained flow, the FDIHS ( |2.11| ), using (|4.3|) and (|4.5|) , one gets 



mi = -< $1, $i>--< $1, $1 >, 



1 



m 2 



<$!,$!>-< $1, $1 > 



[< A$i, $1 > + < A$i, $1 > 



N 



-772 < $1, $1 > -771 < $1 > -2 y (Aj - 77i)(A J - 772)0^0^]. (4.6) 
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Then substituting ( |4.6| ) into fl4.4| ) gives rise to 

as<°> - as<°> . , „ 
^=^7' ^ = "*7' (47) 

where the generating function for the canonical transformation ( |4.1|) is given by 

2 

S {0) = — [< A$i, $1 > + < A$i, $! > —772 < $1, $1 > 



N 

-77! < $1, $1 > -2 ^ y^(A~ -Vi)(*j ~-vd<h<hj] - m - (4i 

3=1 

Furthermore, it is found 

A? 



= ~1+ -<$i,$i >+2> ^ 



= A%)+/ 1 fl%)=^ ) (4.9a) 



dm 



A w ( V2 ) + f 2 B^( V2 ) = f, 2 . (4.9b) 



This implies that (771,^1) and (772,^2) satisfy the spectrality property and the separation 
equations given by the spectral curve (|2.13|) 



N P 
, =1 7« A j 



(2) For the second constrained flow, the FDIHS (|2.14j) , formula (|4.5|) gives rise to 



™i = ^(9-9)) 

m 2 = — < > -7 < > +77^-7729], (4.10) 

q + q 4 4 

and 

41— — 1 1 — — 

r = ( g _ g)2 ^~4 < A$1 ' $ 1 > -4 < A$ l' $ 1 > +4(^1 + V2) < $1, $1 > 
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-V1V2Q + ( m 2 ~ Vi) 2 Q + 2 ( X i ~ V^i^J - 7 ?2)0ij0ij], (4.11a) 

3=1 



m 2 

r = -2 — (m 2 + i]2 - m) + r. 
mi 



(4.11b) 



By substitution of (|4.10p , (|4.4| ) and fl4.11|) can be rewritten as 



dq 



^ J d^j ^ dfa/ dq ' 

where the generating function S^ 1 ' for the canonical transformation (4.1) is given by 



(4.12) 



- N 

S {1) = — [< A$i,$i > + < A$i,$i > ^( A i - ^)( A i - V2)Mu] 



' [- < $1, $1 >< —(?7l + T] 2 )q < $!, $x > -(r/x + 77 2 ) ? <$!,$!> 



g2 _ ^2 

1 ^ ^ 



1 



-~ <$i,$i > 2 -- < $1, $1 > 2 +477x77255 - 2(t/? + 7/ 2 2 )g 2 ] - v! ~ vl (4-13) 

It is easy to check the spectrality property 
dS^ l 



diji q 2 — q 2 



[-q < $1, $i > -g < $i, $i > -4?7ig 2 + Ar] 2 qq] - 2r]i 



/A^2 = _ 2[A (i) (r)i) + f lB W( Vl )) = -2^, 

dr] 2 



-2[A^\r )2 ) + f 2 B^(r l2 )] = -2 f x 2 . 



(4.14a) 



(4.14b) 



The points (f]i, satisfy the separation equations given by the spectral curve ( |2.16| ) 



A' 



Pa 



7=1 'H A j 



(3) For the third constrained flow, the FDIHS ( 2.17]) , by means of ( j4.3| ) and ( |4.5[ ), one 



gets 



16 



and 



2 1 1 — — 1 — — 

Pi = , _ _x 2 {-^ < A$i, $i>--< A$i, $i > +-(ft + < $1, $1 > 



-TOi(m 2 - ?7i) 2 ftft + (m 2 - r]i) 2 {m 2 qi + m 2 gi + 772ft - 771ft) 

AT 

77ir/2 - (m 2 - ft) 2 



V(ft - ft) 2 + (ft - ft)(ft - ft) 2 2 



-^ftlft 2 - ft 2 ) + («2 - ft) 2 (gi + 2ft) + 2(m 2 - 771) (771 + 77 2 )ft + ft?72gi]}, (4.16a) 

1 1 

ft = Pi + 2^ m2 + ^ 2 )(^ 2 + *v ~ 2^ + ??2 ' )<?2 ' (4.16b) 

p 2 = — 1 [-- < $1, $1 > +- < $1, $1 > 

2 V fai _ V2) 2 + (ft - ft)(ft - ft) 2 2 



-^ft(<?i - 9?) + ( m 2 - ft) 2 (ft + 2ft) + 2(m 2 - ft)(r/i + 77 2 )gi + ft?72ft], (4.16c) 



11 

P2 = Pi + -(ft + ft)ft - -(m 2 + ft)(ft + ft). 



(4.16d) 



By inserting fl4.15| ) into ( |4.4| ) and ( |4.16| ), a straightforward calculation leads to 



02j 



'2j 



Pi 



55^ 
5ft 



P2 



dq 2 



a 5 (2) 9> s(2) 

c% dft 



(4.17) 



where the generating function for the canonical transformation ( |4.1| ) is given by 

S {2) = — [< A$x,$! > + < A$i,$i > --(ft + ft)(< > + < $i,$i >) 

ft - ft 2 
2 

+ g(^2 - ft) 3 (ft + 2ft) + 2(m 2 - ?7i) 2 (ft + ft)ft - (ft + ftHftft 
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+\V(Vi - V2) 2 + (qi ~ gi)(?2 - g 2 )(< $1, $1 > - < $1, $1 > +2i ll r] 2 q l ) 

N 

-2 \/ (A,- - »7i)(Aj - ?72)0ii0ii] + ^(771 + 772X21 - gi)g 2 
-^Vfai - + (qi - gi)(g 2 - g 2 )g 2 (gi + gi) + 3(77? + % 3 )- (4-18) 

By a straightforward calculation, we can show the spectrality property 

-|— = A (2) (771) + fiB®( m ) -|— = A^fo) + /a^fo) = ^ (4.19) 

0*771 0*772 



The points {r}i,jii} satisfy the separation equations given by the spectral curve ( [2.19| ) 



- P 

= 4 + Pot?, + Pn+i + J2^T> i = l ^ 

5 m-times repeated two-point DTs for high-order con- 
strained flows of the AKNS hierarchy 



Assume that (ipi(x, rji), ip2(x, i]i)) T 1 i = l,---,2m, be solutions of ( p.7|) and (|2.8|) with 
A = rji, \i = fii, i = 1,2, 2m, rji 7^ \j. We use q[l], r[l], <fiij[l], 4>2j[l] to denote the action of 
1-times repeated two-point DTs of (|4.1|) on the initial solution q[0], r[0], <^ij[0], </>2j[0]- We 
have according to ( |4.1|) 

q[l + l] = q[q-2rm[q, r[l + 1] = r[l] - 2m 3 [l], (5.1a) 



We denote 



G, 



\Z(Aj-»/a+i)(Aj -7/21+2) 



[(Aj - 772/+1 + m 2 [l}) ( j) lj [l} - mi [l](f) 2j [l]), (5.1b) 



V^Aj -r72z+i)(A 3 - -7722+2) 



[m 3 [Z](/»ij[/] + (Aj - 772^+2 - m 2 [/])02jW]- (5.1c) 



/ v?Tpi(m) v?Mv2) vTMvs) vT m Mv2m) \ 

vr'Mvi) vr^M vr'Mvs) crVitw 



1pl(Vl) ^1(7/2) ^l(773) ^l(?72m) 

77r^ 2 (77i) vr 2 Mv2) V?~ 2 MVs) C^feJ 



\ ^2(770 ^2(772) ^2(773) lfo(r)2m) J 
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W m (j) 



( vr'Mvi) vT-'Mv2) vr'Mvs) i&rViOfr») \ 

v?~ 2 Mvi) v?~ 2 Mv2) v?~ 2 Mv3) vZ 2 Mv2 m ) 



1pl(Vl) ^l(^) 1pl(V2rn) 

Vr'MVl) Vr'MV2) VT^MVS) V^MVlm) 



^2{f]2 



1p2(V2m) J 



( XfcfuM ri?A(vi) VTMV2) v? m Mv2 m ) \ 

ArViito] vr'Mvi) v^u^) c:Vi(^) 



[o] 



^1(^1 



'2m 



ArV 2j [o] vr l Uv2) vT^Mvim) 



\ 2 j[o] Mm) 



•02(^2 



^2(77: 



2m J 



Then m-times repeated DTs for the constrained flows (^4) are given by 



q[ m ] = q [Q] - 2 



A* 



r[m] = r[0] - 2^ 



(5.2a) 



'liH = / = — > ^j-H = / = = ~/v^' (5 ' 2b) 

n£(Ai-^) Am vnS^) m 

where G^, W^(j) and are obtained by interchanging i/ji(x,r)i) and ^ 2 (x, r/j), i = 
1, 2m, (f)ij(Xj) and <f>2j(Xj) in G m , W m (j) and A^f, respectively. Formula ( |5.2a|) was 
shown in |2|, |TB[, ( |5.2b[ ) can be obtained in the same way by using the formulas for 
Vandermonde-like determinants G* m) W^(j) and /\* m given in p2| . 



6 Conclusion 

Some methods were presented to construct the Backlund transformations with the 
properties described above in || [7|, ||, [| [Hj] for few examples. In this paper we propose a 
way to construct infinite number of explicit one- and two-point Backlund transformations 
for high-order constrained flows of soliton hierarchy by means of the Darboux transfor- 
mations for the constrained flows by using the high-order constrained flows of the AKNS 
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hierarchy as model. By constructing the generating functions, it is shown that these BTs 
are canonical transformations including Backlund parameter rj and a spectrality property 
holds with respect to the Backlund parameter rj and the conjugate variable fi. The pair 
(77, fj,) lies on the spectral curve and satisfies the separation equation. Also we present 
the formula for m-times repeated Darboux transformations for the high-order constrained 
flows of the AKNS hierarchy. 

The method prososed in this paper can be applied to the high-order binary constrained 



flows of AKNS hierarchy in [23] to find new explicit BT's with canonicity and spectrality. 
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